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EXPONENTIAL GROWTH OF TORSION IN THE COHOMOLOGY OF
ARITHMETIC HYPERBOLIC MANIFOLDS
WERNER MU¨LLER AND FRE´DE´RIC ROCHON
Abstract. For d = 2n + 1 a positive odd integer, we consider sequences of arithmetic
subgroups of SO0(d, 1) and Spin(d, 1) yielding corresponding hyperbolic manifolds of finite
volume and show that, under appropriate and natural assumptions, the torsion of the asso-
ciated cohomology groups grows exponentially.
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1. Introduction
The main goal of this paper is to extend the results of Bergeron and Venkatesh [BV13]
on the growth of torsion in the cohomology of cocompact arithmetic groups to the case
of arithmetic hyperbolic manifolds of finite volume. To begin with we recall some of the
results of [BV13]. Let G be a connected semi-simple algebraic group defined over Q and let
G = G(R) be its group of real points. Let K be a maximal compact subgroup of G and
X˜ = G/K the associated Riemannian symmetric space. Let Γ ⊂ G(Q) be an arithmetic
subgroup. Assume that Γ is cocompact or equivalently that G is anisotropic over Q. Let
X := Γ\X˜ be the corresponding locally symmetric space. Let VZ be an arithmetic Γ-module
in the sense of [BV13]. This means that there exists a Q-rational representation ̺ of G on
a finite-dimensional Q-vector space VQ such that VZ is a Z-lattice in VQ which is invariant
under ̺(Γ). The cohomology H∗(Γ;VZ) of Γ with coefficients in VZ is a finitely generated
abelian group. If Γ is torsion free, H∗(Γ;VZ) is isomorphic to the cohomology H∗(X ;EZ) of
X with coefficients in the local system EZ associated to the Γ-module VZ.
Let g and k be the Lie algebras of G and K, respectively. Let δ(X˜) := rank(gC)− rank(kC)
be the fundamental rank. As explained by Bergeron and Venkatesh in [BV13], for arithmetic
reasons, when δ(X˜) = 1, one expects that H∗(Γ;VZ) should have a lot of torsion and a small
free part. There are various manifestations of this phenomenon. One of them, proved
in [BV13] by Bergeron and Venkatesh, is that if Γ ⊃ · · · ⊃ ΓN−1 ⊃ ΓN ⊃ · · · ⊃ {e} is a
decreasing sequence of congruence subgroups such that ∩NΓN = {1}, and VZ is a strongly
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acyclic Γ-module, meaning that the Laplacians on VZ ⊗ C-valued i-forms on ΓN\X˜ have a
uniform spectral gap at 0 for all i and N , then
(1.1) lim inf
N→∞
∑
j
log |Hjtor(ΓN ;VZ)|
[Γ : ΓN ]
≥ cG,VZ > 0,
where the sum is over the integers j such that j + dim(G/S)−1
2
is odd. If one fixes Γ and
varies the arithmetic Γ-module VZ, parallel results were obtained in [MM13,MP14b]. In
both settings, the strategy of the proof of these results is to use [Mu¨l93] (see also [BZ92])
and to compute the limiting behavior of analytic torsion using spectral methods, see in
particular [Mu¨l12, MP13] for sequences of Γ-modules. Since many important arithmetic
groups are not cocompact, it is very desirable to extend these results to the finite volume
case.
The aim of this paper is to establish an analog of (1.1) for odd-dimensional hyperbolic
manifolds of finite volume. So assume that G is an algebraic group over Q such that G =
G(R) equals SO(d, 1) or Spin(d, 1) with d = 2n + 1 a positive odd integer. Fix a maximal
compact subgroup K which equals SO(d) or Spin(d), respectively. Let Γ ⊂ G(Q) be an
arithmetic subgroup. We are interested in the case where Γ is not cocompact. Therefore
we assume that G is not anisotropic. Then X := Γ \ G/K is a non-compact finite volume
hyperbolic orbifold, possibly with orbifold singularities since we are not assuming that Γ
is torsion-free. When n = 1 and G = Spin(3, 1) ∼= SL(2,C), generalizations of [BV13]
and [MM13] have been already obtained. In [Pfa14], Pfaff has obtained an analog of (1.1)
when {ΓN} is a sequence of congruence subgroups of a torsion-free congruence subgroup Γ
of a Bianchi group. Similarly, for a torsion-free congruence subgroup Γ of a Bianchi group,
Pfaff and Raimbault in [PR15] have obtained an analog of [MM13].
Next we introduce appropriate Γ-modules. Let ̺ be a Q-rational representation of G on
a finite-dimensional Q-vector space VQ. Assume that there exists a lattice VZ ⊂ VQ, i.e.,
VQ = VZ ⊗Z Q, which is invariant under Γ. Furthermore, assume that representation ̺ of G
on V = VQ ⊗Q R, which is associated to ̺, is a direct sum of finitely many irreducible finite
dimensional complex representations ̺i each of which satisfies
(1.2) ̺i ◦ θ 6= ̺i,
where θ is the standard Cartan involution with respect K. The existence of such Γ-modules
is proved in [BV13, sect. 8.1]. See section 3 for more details. Let {Γi} be a sequence of
torsion-free finite index subgroups of Γ. Then
Xi = Γi \G/K
is a d-dimensional oriented hyperbolic manifold of finite volume. Denote by X i the Borel-
Serre compactification of Xi. This is a compact manifold with boundary which consists
of the disjoint union of finitely many tori. For each Γi, assume that for each Γi-cuspidal
parabolic subgroup P , we have
(1.3) Γi ∩ P = Γi ∩NP ,
where NP denotes the nilpotent radical of P . The assumption (1.2) implies that all Lapla-
cians on VZ⊗C-valued q-forms on Xi = Γi\Hd have a uniform spectral gap at 0 for all q and
i. In particular, the spaces of L2-harmonic forms all vanish. However, the Γi-module VZ is
not acyclic. The interior cohomology vanishes, but there is always cohomology coming from
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the boundary. In analogy with [BV13], we call such a VZ a strongly L
2-acyclic arithmetic
Γ-module.
For our approach we need to work with self-dual Γ-modules. Let EZ be the bundle of free
Z-modules over Xi associated to the arithmetic Γi-module VZ. Put
EZ = EZ ⊕E∗Z and ̺ = ̺⊕ ̺∗,
where ̺∗ denotes the contragredient representation of ̺. Let T (2)X (̺) denote the L
2-torsion of
X = Γ\Hd and ̺ seen as a complex representation [Lot92], [Mat92]. Recall that log T (2)X (̺) =
t
(2)
Hd
(̺) ·vol(Γ\Hd), where t(2)
Hd
(̺) is a constant that depends only on Hd and ̺. Let ̺ := ̺⊕̺∗
and
t
(2)
Hd
(̺) = t
(2)
Hd
(̺) + t
(2)
Hd
(̺∗).
Our main result is the following theorem.
Theorem 1.1. Suppose that the above sequence {Γi} of subgroups of Γ is cusp-uniform in
the sense of Definition 4.2 below. Assume that lim
i→∞
ℓ(Γi) = ∞, where ℓ(Γi) is the length of
the shortest closed geodesic on Xi, and that
(1.4) lim
i→∞
κ(Xi) +
∑
P∈PΓi log[ΓP : ΓP,i]
[Γ : Γi]
= 0,
where κ(Xi) = #PΓi is the number of cusps of Xi. Let VZ be a strongly L
2-acyclic arithmetic
Γ-module and EZ the local system associated to VZ. Then we have
(1.5) lim inf
i→∞
∑
q+n odd
log |Hqtor(X i;EZ)|
[Γ : Γi]
≥ (−1)nt(2)
Hd
(̺) vol(X) > 0,
Furthermore, if E∗Z ∼= EZ and ̺ is self-dual, then in fact
(1.6) lim inf
i→∞
∑
q even
log |Hqtor(X i;EZ)|
[Γ : Γi]
≥ (−1)nt(2)
Hd
(̺) vol(X) > 0.
Remark 1.2. As explained in [MP14a, Theorem 1.2], if the sequence {Γi} is such that
lim
i→∞
[Γ : Γi] = ∞, and if each γ ∈ Γ \ {1} only belongs to finitely many Γi, then (1.4)
is automatically satisfied and lim
i→∞
ℓ(Γi) = ∞. In particular, this is the case if {Γi} is a
decreasing sequence
· · · ⊂ Γi+1 ⊂ Γi ⊂ · · · ⊂ Γ1 ⊂ Γ0 := Γ
of normal subgroups such that ∩iΓi = {1}.
Remark 1.3. Recall that Γi is torsion free and G/K is contractible. Therefore we have
Hq(X i, EZ) ∼= Hq(Γi;VZ).
See [Bro82, Chapt. II, Prop. 4.1] for the case of trivial coefficients. This gives the connection
with (1.1).
One important case covered by Theorem 1.1 is for sequences of principal congruence
subgroups. More precisely, let a1, ..., ad ∈ N and let q be the quadratic form defined by
(1.7) q(x1, ..., xd, xd+1) = a1x
2
1 + · · ·+ adx2d − x2d+1.
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Let G be the algebraic group defined by q, i.e., for every Q-algebra A with unit element we
have
G(A) = {g ∈ SL(n,A) : q(gx) = q(x), x ∈ Ad+1}.
Then G is defined over Q and G := G(R) ∼= SO(d, 1). By [BHC62], the subgroup Γ := G(Z)
is a lattice in G. Furthermore, for d ≥ 4, G(Z) is noncompact [Mor15, Prop. 6.4.1], and for
d 6= 3, 7, every noncompact arithmetic subgroup of SO(d, 1) is up to commensurability and
conjugation equal to some G(Z) [Mor15, Prop. 6.4.2].
For j ∈ N let
(1.8) Γ(j) := {A ∈ Γ | A ≡ 1 mod (j)}
denote the principal congruence subgroup of level j, so that Γ(j) coincide with the kernel
of the canonical map Γ → G(Z/jZ), which implies in particular that Γ(j) is a normal
subgroup of Γ. If j ≥ 3, we know that Γ(j) is neat in the sense of Borel [Bor69], so that
Γ(j) is torsion-free and satisfies (1.3). Furthermore, by [DH99, Lemma 4], cf. [MP14a,
Lemma 10.1], we know that the sequence {Γ(j)} is cusp-uniform. On the other hand, it
is obvious that each γ ∈ Γ belongs only to finitely many Γ(j). Finally, for a Γ-cuspidal
parabolic subgroup P , [DH99, Lemma 4] implies that lim
j→∞
[Γ ∩NP : Γ(j) ∩NP ] =∞, hence
that lim
j→∞
[Γ : Γ(j)] =∞. Thus, applying Theorem 1.1 gives the following.
Corollary 1.4. Let the assumptions be as above. For each j ≥ 3, let Xj := Γ(j) \ Hd and
denote by EZ = H
d ×̺|Γ(j) VZ the bundle of free Z-modules over Xj associated to a strongly
L2-acyclic arithmetic Γ-module VZ. Then
lim inf
j→∞
∑
q+n odd
log |Hqtor(Xj ;EZ)|
[Γ : Γ(j)]
≥ (−1)nt(2)
Hd
(̺) vol(X) > 0,
where X := Γ \Hd. Furthermore, if EZ ∼= E∗Z and ̺ is self-dual, then
(1.9) lim inf
j→∞
∑
q even
log |Hqtor(Xj;EZ)|
[Γ : Γ(j)]
≥ (−1)nt(2)
Hd
(̺) vol(X) > 0.
We can give the following explicit example where the condition EZ ∼= E∗Z is satisfied.
Example 1.5. Let ̺ : SOo(d, 1) → Λn+1(C2n+2) be the (n + 1)th exterior power of the
standard representation. By [GW09, Theorem 5.5.13], ̺ = ̺+⊕̺− for two distinct irreducible
complex representations such that ̺+ = ̺− ◦ϑ. In particular, condition (1.2) is satisfied. On
the other hand, Λn+1(C2n+2) = VZ ⊗Z R for the free Z-module
VZ = Λ
n+1(Z[i]2n+2)
naturally preserved by Γ = G(Z) defined in terms of the standard quadratic form of signature
(d, 1), that is, the one with a1 = · · · = ad+1 = 1. Now, this quadratic form induces a canonical
isomorphism V ∗Z ∼= VZ, which in turn yields an isomorphism E∗Z ∼= EZ for the associated
bundle of free Z-modules, so that (1.9) holds in this case. When n is odd, we can look at the
restriction VZ,± of VZ to ̺± to get examples where the representation is irreducible. Indeed,
in this case, the representation ̺± is automatically self-dual by [GW09, § 3.2.5], while the
standard quadratic form induces an isomorphism VZ,± ∼= 4(V ∗Z,±), so that the corresponding
bundles of free Z-modules are still self-dual.
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For n > 1, Theorem 1.1 and Corollary 1.4 give the first examples of towers of non-
compact odd dimensional arithmetic hyperbolic manifolds of finite volume whose torsion in
cohomology grows exponentially with respect to the volume. In contrast, when n = 1, some
results of exponential growth were already obtained in [Pfa14,PR15] using arguments specific
to the 3-dimensional setting. Still, in this case, our methods can be used to generalize and
sharpen those known results, as well as providing a more systematic proof. To explain this
in more details, take n = 1 and G = Spin(3, 1) ∼= SL(2,C). Let ̺m : SL(2,C)→ GL(Vm) be
the mth symmetric power Vm = Sym
m(C2) of the standard representation of SL(2,C). Let
also F = Q(
√−D ) be an imaginary quadratic number field, where D ∈ N is square-free,
and let OD be its ring of integers. Denote by Γ(D) := SL(2,OD) the corresponding Bianchi
group. In Vm,
(1.10) Λm := Sym
m(O2D)
is a natural lattice preserves by Γ(D). For a non-zero ideal a of OD, let Γ(a) be the associated
congruence subgroup of level a as in (5.11) below. Let N(a) denote the norm of a. In this
context, we will see that Theorem 1.1 implies the following.
Corollary 1.6. If ai is a sequence of nonzero ideals in OD such that each N(ai) is sufficiently
large and such that lim
i→∞
N(ai) =∞, then for anym ∈ N, for XD = Γ(D)\H3, Xi := Γ(ai)\H3
and for Lm the bundle of free Z-modules induced by ̺m and the lattice Λm, one has that
(1.11) lim inf
i→∞
log |H2tor(X i;Lm)|
[Γ(D) : Γ(ai)]
≥ −t(2)
H3
(̺m) vol(XD) > 0.
Furthermore, when m = 2ℓ is even, then
(1.12) lim inf
i→∞
log |H2tor(Xi;L2ℓ)|
[Γ(D) : Γ(ai)]
≥
(
ℓ(ℓ+ 1) + 1
6
π
)
vol(XD) > 0.
Remark 1.7. This is a generalization and a strengthening of [Pfa14, Theorem 1.1], since
Corollary 1.6 does not require m to be even, the congruence subgroups Γ(ai) need not be
included in a common torsion-free subgroup of Γ(D), and our constant on the right hand
side of (1.12) is slightly bigger.
Remark 1.8. An upper bound of the lim sup was obtained in [Rai13, Theorem A]. The upper
bound is again given in terms of the L2-torsion. However, we point out that the L2-torsion
used in [Rai13] is defined over R while we define instead the L2-torsion over C. Hence the
upper bound in [Rai13] is in fact twice our lower bound, so we cannot use this upper bound
to show that the limit exists. See the discussion at the end of § 5 for more details.
Theorem 1.1 can also be applied to Hecke subgroups of Bianchi groups. For a non-zero ideal
a of OD, let Γ0(a) be the associated Hecke subgroup of (5.12) below. Such a group is never
torsion-free, but fixing a torsion-free subgroup Γ′ of Γ(D) of finite index satisfying (1.3) for
all Γ′-cuspidal parabolic subgroups, we can consider instead the subgroup Γ′0(a) := Γ0(a)∩Γ′.
Corollary 1.9. If ai is a sequence of non-zero ideals in OD such that lim
i→∞
N(ai) =∞, then
for m ∈ N, XD = Γ(D) \H3, Xi := Γ′0(ai) \H3 and for Lm the bundle of free Z-modules on
Xi induced by ̺m and the lattice Λm, one has that
(1.13) lim inf
i→∞
log |H2tor(X i;Lm)|
[Γ(D) : Γ′0(ai)]
≥ −t(2)
H3
(̺m) vol(XD) > 0.
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Again, when m = 2ℓ, this can be rewritten as
lim inf
i→∞
log |H2tor(X i;L2ℓ)|
[Γ(D) : Γ′0(ai)]
≥
(
ℓ(ℓ+ 1) + 1
6
π
)
vol(XD) > 0.
The above results support the following conjecture.
Conjecture 1.10. Let d = 2n+1 and let Γ ⊂ SO0(d, 1) be an arithmetic subgroup. Let {Γi}
be a cusp-uniform sequence of torsion free congruence subgroups of Γ such that [Γ : Γi]→∞
as i→∞. Put Xi = Γi\Hd. Let VZ be an arithmetic Γ-module and let EZ be the associated
local system of free Z-modules over Xi. Then
lim
i→∞
log |Hjtor(X i;EZ)|
[Γ : Γi]
=
{
(−1)n2t(2)
Hd
(̺) vol(Γ\Hd), j = n + 1,
0, j 6= n + 1.
If Γ is cocompact, this is conjecture 1.3 in [BV13].
The most interesting case is the case of trivial coefficients, i.e., Hjtor(ΓN ;Z). Our method
does not cover this case. There are several new problems that arise if the representation ρ
does not satisfy (1.2). In particular, the interior cohomology does not necessarily vanish. To
control the growth of the covolume ofHjfree(ΓN ;VZ) in this case turns out to be rather difficult.
The case of a cocompact lattice in SL(2,C) and trivial coefficients has been considered
in [BSV16].
Finally, in dimension 3, our method also allows us to obtain growth of torsion when the
group Γ ⊂ Γ(D) is fixed and we let m go to infinity.
Theorem 1.11. Let Γ ⊂ Γ(D) be a torsion-free finite index subgroup such that (1.3) holds
for each Γ-cuspidal parabolic subgroup. Let X = Γ \ SL(2,C)/ SU(2) be the corresponding
finite volume hyperbolic 3-manifold. Then
lim inf
m→∞
log |H2tor(X ;Lm)|
m2
≥ vol(X)
2π
and lim sup
m→∞
log |H2tor(X ;Lm)|
m2
≤ vol(X)
π
.
Remark 1.12. This is a generalization and a sharpening of the exponential growth of tor-
sion obtained by Pfaff and Raimbault in [PR15, Theorem A]. Moreover, notice that using
Poincare´-Lefschetz duality, our proof avoids dealing directly with Eisenstein series, so does
not require estimating the denominator of the C-matrix, one of the difficult steps in the proof
of [PR15]. Unfortunately, the upper and lower bounds in Theorem 1.11 differ by a factor of
2, so we cannot conclude that the limit exists.
To prove these results, we proceed as in the cocompact case [BV13]. For our approach we
have to work with the self-dual bundle E. Let T (X ;E, gX, hE) be the regularized analytic
torsion of X and E with respect to the metrics gX on X and hE in E, which was introduced
in [MP12]. For a sequence {Γi} of subgroups of Γ, which satisfy the assumptions made in
Theorem 1.1, it follows from [MP14a, Theorem 1.1] that
(1.14) lim
i→∞
log T (Xi;E, gXi, hE)
[Γ : Γi]
= t
(2)
Hd
(̺) vol(X)
where t
(2)
Hd
(̺) is the ‘local’ logarithm of the L2-torsion appearing in [MP14a, (1.1)]. By [BV13,
Proposition 5.2], we have (−1)nt(2)
Hd
(̺) > 0. For Y ≫ 0 let X(Y ) be the truncated manifold
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X at level Y . Let τ(X(Y );E, µX) be the Reidemeister torsion of X(Y ) and E with respect
to the basis µX of H
∗(X(Y ), E) given by Eisenstein series [Pfa17], [MR19]. Using the main
result of [MR19], relating T (X ;E, gX , hE) to τ(X(Y );E, µX), it follows that
(1.15) lim
i→∞
log τ(Xi(Y );E, µXi)
[Γ : Γi]
= t
(2)
Hd
(̺) vol(X).
Now recall [Che79, (1.4)], [BV13] that the Reidemeister torsion is related to the cohomology
by
(1.16) τ(Xi(Y ), E, µXi)
2 =
∏
q
(
|Hqtor(Xi(Y );EZ|)
volµR
Xi
(
Hqfree(Xi(Y );EZ)
))(−1)q+1 ,
where µRXi = {µXi,
√−1 µXi} is the real basis associated to the complex basis µXi and
volµR
Xi
(
Hqfree(Xi(Y );EZ)
)
is the covolume of the lattice Hqfree(Xi(Y );EZ) with respect to the
basis µRXi. In contrast to the cocompact case, the cohomology H
∗(Xi(Y );EZ) never vanishes.
It is spanned by Eisenstein cohomology classes. To estimate the growth of the covolumes
of the lattices given by the free part of the cohomology, one needs to understand how the
Eisenstein cohomology classes embed into the boundary cohomology, which is a delicate
matter since this embedding is rational, but not integral. To overcome this difficulty, our
strategy, inspired by the discussion in [Pfa17, p.680], is to use Poincare´-Lefschetz duality
[Mil62] to replace the Reidemeister torsion τ(Xi(Y ), E, µXi) by the Reidemeister torsion
τ(Xi(Y ), ∂Xi(Y ), E, µXi,∂Xi) of the relative complex. One then has to deal with a map from
boundary cohomology to relative cohomology for which covolumes of lattices of free integral
cohomology groups can be easily estimated, see in particular § 4. Notice however that,
compared to the cocompact case, our approach, through the estimate (4.4), introduces the
loss of a factor of 2 in the exponential growth of torsion.
The paper is organized as follows. In § 2, we recall the results of [MR19] that we need.
In § 3, we derive estimates for the covolumes of lattices of free integral cohomology groups
on the boundary of the Borel-Serre compactification. This is used in § 4 to prove the main
results. In § 5, we derive the specific applications of Theorem 1.1 in dimension 3. Finally,
in § 6, we give a proof of Theorem 1.11 for sequences of arithmetic Γ-modules.
Acknowledgements. The authors are grateful to the hospitality of the Centre International
de Rencontres Mathe´matiques (CIRM) where this project started. The second author was
supported by NSERC and a Canada Research Chair.
2. Preliminaries
For d = 2n+ 1 an odd natural number, consider either the groups G := SOo(d, 1) and
K := SO(d) or G := Spin(d, 1) and K = Spin(d). In either case, K is a maximal compact
subgroup of G and there is a canonical identification Hd = G/K with the hyperbolic space
of dimension d. In fact, if g and k are the Lie algebras of G and K, if ϑ is the standard
Cartan involution with respect to K, if B is the Killing form of g and if g = p ⊕ k is the
Cartan decomposition, then the restriction of
(2.1) 〈ξ1, ξ2〉ϑ := − 1
2(d− 1)B(ξ1, ϑ(ξ2)), ξ1, ξ2 ∈ g,
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to p induces a G-invariant metric Hd which is precisely the hyperbolic metric. Let Γ ⊂ G be
a discrete torsion-free subgroup such that
X := Γ \Hd = Γ \G/K
is of finite volume with respect to the induced hyperbolic metric gX . Let ̺ : G→ GL(V ) be
a finite dimensional irreducible complex representation such that
(2.2) ̺ ◦ ϑ 6= ̺.
Recall from [Mu¨l93, Lemma 4.3] that the representation ̺ is automatically unimodular.
Restricting ̺ to Γ, we can define the flat complex vector bundle
E := Hd ×̺|Γ V on X.
Restricting ̺ to K, we can instead define a homogeneous vector bundle
E˜ := G×̺|K V on G.
By [MM63, Lemma 3.1], there is a K-invariant Hermitian product 〈·, ·〉 on V , unique up to
scaling, such that
〈̺(ξ)u, v〉 = 〈u, ̺(ξ)v〉 ∀ ξ ∈ p, ∀ u, v ∈ V.
In particular, since it is K-invariant, it induces a natural Hermitian metric hE˜ on E˜, as well
as on the quotient Γ \ E˜ seen as a vector bundle on X , where the action of Γ on E˜ is given
by
γ · [g, v]E˜ = [γg, v]E˜
with [g, v]E˜ denoting the point of E˜ corresponding to the K-orbit of (g, v) ∈ G × V . By
[MM63, Proposition 3.1], there is an explicit isomorphism between Γ \ E˜ and E given by
Φ : Γ \ E˜ → E
[g, v]Γ\E˜ 7→ [g, ̺(g)v]E,
where [g, v]Γ\E˜ and [g, v]E denote the corresponding points in Γ \ E˜ and E after passing to
the quotient with respect to the actions of K and Γ. Thus, the Hermitian metric hΓ\E˜ on
Γ \ E˜ and this isomorphism induce a natural Hermitian metric hE on E. Notice however
that since ̺|Γ is not unitary, the flat connection of E is not compatible with hE .
Let G = NAK be the Iwasawa decomposition of G as in [MP12, § 2] and let M be the
centralizer of A in K. Then P0 := NAM is a parabolic subgroup of G. More generally, for
any other parabolic subgroup P of G, there exists kP ∈ K such that P = NPAPMP with
NP = kPNk
−1
P , AP = kPAk
−1
P and MP = kPMk
−1
P . Recall that a parabolic subgroup P of
G is Γ-cuspidal if Γ ∩NP is a lattice in NP . In this case, we denote this lattice by
ΓP := Γ ∩NP .
Restricting the representation ̺ to ΓP , we can define a flat vector bundle
EP = NP ×̺|ΓP V
on the quotient TP := ΓP \NP . Since NP is commutative, notice that the restriction of (2.1)
to p induces a flat Riemannian metric gTP on TP . On the other hand, considering the trivial
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vector bundle E˜P = NP × V and its quotient ΓP \ E˜P with respect to the action of ΓP on
the base NP , there is again an explicit isomorphism
ΦP : ΓP \ E˜P → EP
[n, v]ΓP \E˜P 7→ [n, ̺(n)v]EP ,
so that the Hermitian product on V induces a natural Hermitian metric hEP on EP .
Let PΓ be a fixed set of representatives of the Γ-conjugacy classes of Γ-cuspidal parabolic
subgroups. Then PΓ is a finite set with cardinality corresponding to the number of cusps of
X . Suppose now that Γ is such that for any Γ-cuspidal parabolic subgroup P ,
(2.3) Γ ∩ P = Γ ∩NP = ΓP .
Let a be the Lie algebra of A and equip it with the norm induced by the restriction of (2.1)
to p. Let H1 ∈ a be the unique element of norm 1 such that the positive restricted root
involved in the choice of N is positive on H1. Consider then the unique group isomorphism
R : R+ → A
whose differential at t = 1 sends 1 onto H1. More generally, denote by RP : R
+ → AP the
group isomorphism given by RP (t) := kPR(t)k
−1
P and set
A0P [Y ]; = RP ((Y,∞)) for Y > 0.
Then there exists Y0 > 0 such that for Y ≥ Y0, there is a compact subset C(Y ) of G and a
decomposition
G = Γ · C(Y ) ⊔
⊔
P∈PΓ
Γ ·NPA0P [Y ]K
such that for each P ∈ PΓ,
γ ·NPA0P [Y ]K ∩NPA0P [Y ]K 6= ∅ ⇐⇒ γ ∈ ΓP .
On X , this induces the decomposition
X = X(Y ) ⊔
⊔
P∈PΓ
FP (Y )
where
FP (Y ) := ΓP \NP ×A0P [Y ] = TP × (Y,∞)
with the hyperbolic metric gX on FP (Y ) given by
(2.4)
dt2 + gTP
t2
, t ∈ (Y,∞).
Moreover, there is an explicit isomorphism
ψP : E|FP (Y ) → pr∗1EP
[nRP (r), ̺(nRP (r))v]E 7→ [(n, r), ̺(nRP (r))v]pr∗1 EP ,
where pr1 : TP × A0P [Y ] → TP is the projection on the first factor. Thus, in the cusp end
FP (Y ), we can work directly with pr
∗
1EP instead of E, keeping in mind that the Hermitian
metric is not quite the one of EP pull-back to FP (Y ), but the one given by
hE([(n, r), ̺(nRP (r))u]pr∗1 EP , [(n, r), ̺(nRP (r))v]pr∗1 EP ) = 〈u, v〉
in terms of the Hermitian product 〈·, ·〉 on V . Now, on TP , Hodge theory induces an identifica-
tion between the cohomology groupHq(TP ;EP ) and the space of harmonic formsHq(TP ;EP )
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with respect to the Hodge Laplacian associated to the metric gTP and the Hermitian metric
hEP . If nP denotes the Lie algebra of NP , there is also a natural inclusion
(2.5)
ιP : Λ
qn∗P ⊗ V → Ωq(TP ;EP )
ω ⊗ v 7→ ω̂ ⊗ v̂,
where v̂(ΓPn) := [n, ̺(n)v]EP and ω̂|ΓPn = ω via the natural identification
Λq(T ∗(TP )) = TP × Λqn∗P .
By van Est’s theorem [vE58] (see also [MR19, Lemma 2.6]), the map (2.5) induces an isomor-
phism between Hq(TP ;EP ) and the cohomology group H
q(nP ;V ) of degree q of the V -valued
Lie algebra complex Λ∗n∗P ⊗ V with differential
dnPΦ(T1, . . . , Tq+1) =
q+1∑
i=1
(−1)i+1̺(Ti)Φ(T1, . . . , T̂i, . . . , Tq+1), Φ ∈ Λqn∗P ,
where “̂” above a variable denotes omission. Using the inner product (2.1) and the Hermit-
ian product 〈·, ·〉 induces a natural Hermitian product on Λqn∗P ⊗ V . Hence, as in [Kos61],
we can consider the adjoint d∗nP : Λ
∗n∗P ⊗ V → Λ∗−1n∗P ⊗ V of dnP and the corresponding de
Rham and Hodge operators
KP := dnP + d
∗
nP
, LP := dnP d
∗
nP
+ d∗nP dnP .
Hodge theory in this setting identifies the Lie algebra cohomology Hq(nP ;V ) with the kernel
of LP ,
Hq(nP ;V ) := {Φ ∈ Λqn∗P ⊗ V | LPΦ = 0}.
Thus, to summarize, we have the natural identifications
(2.6) Hq(TP ;EP ) ∼= Hq(TP ;EP ) ∼= Hq(nP ;V ) ∼= Hq(nP ;V ).
The first identification suggests to take a basis µqTP of H
q(TP ;EP ) given by orthonormal
harmonic forms. Since
Hq(∂X(Y );E) ∼=
⊕
P∈PΓ
Hq(TP ;EP ),
this induces a corresponding basis
µq∂X :=
⊕
P∈PΓ
µqTP
for Hq(∂X(Y );E). Now, we know from [Pfa17] that Hq(X(Y );E) = {0} for q < n and
q = 2n + 1, while otherwise the natural map ιY : ∂X(Y ) → X(Y ) induces an inclusion in
cohomology
ι∗Y : H
q(X(Y );E) →֒ Hq(∂X(Y );E)
which is an isomorphism for n < q ≤ 2n and a strict inclusion for q = n. Furthermore, in
this latter case, as explained in [Pfa17] and [MR19], there is an orthonormal decomposition
(2.7) Hn(TP ;EP ) = H
n
+(TP ;EP )⊕Hn−(TP ;EP )
and a corresponding orthonormal decomposition
(2.8) Hn(∂X(Y );E) = Hn+(∂X(Y );E)⊕Hn−(∂X(Y );E).
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If pr− : H
n(∂X(Y );E) → Hn−(∂X(Y );E) is the projection on the second factor, then we
know from [Pfa17] or [MR19] that
(2.9) pr− ◦ι∗Y : Hn(X(Y );E)→ Hn−(∂X(Y );E)
is an isomorphism. Thus, assuming without loss of generality that µn∂X = (µ
n
+, µ
n
−) with
µn± an orthonormal basis of H
n
±(∂X(Y );E), we see that a natural choice of basis µ
q
X for
Hq(X(Y );E) is obtained by requiring that
(2.10) ι∗Y µ
q
X = µ
q
∂X for n < q ≤ 2n and pr− ◦ι∗Y µnX = µn− for q = n.
With this choice of basis, the following relation is obtained between the Reidemeister torsion
τ(X(Y ), E, µX) of the flat vector bundle E and the analytic torsion T (X ;E, gX, hE).
Theorem 2.1 ( [MR19]). Let Γ be a torsion-free subgroups of G such that (2.3) holds and
X = Γ \ G/K is a finite volume hyperbolic manifolds. Let ̺ : G → GL(V ) be a finite
dimension irreducible complex representation satisfying (2.2) and let E be the associated flat
vector bundle on X with Hermitian metric hE. In this case,
log T (X ;E, gX, hE) = log τ(X(Y ), E, µX)− 1
2
τ(∂X(Y ), E, µ∂X) + κ(X)c̺,
where κ(X) = #PΓ is the number of cusps and c̺ is a constant depending only on ̺.
Remark 2.2. The result of [MR19] is slightly more general, since the assumption that (2.3)
holds can be relaxed when G = Spin(d, 1), see [MR19, Assumption 2.2].
3. Estimates of covolumes
Let G be a quasi-split semi-simple algebraic group defined over Q such that G := G(R) is
isomorphic to SO(d, 1) or Spin(d, 1) with d = 2n+ 1. We assume that G is not anisotropic.
Let Γ ⊂ G(Q) be an arithmetic subgroup. Then Γ ⊂ G(R) is not cocompact. Let ̺ be a
rational representation of G on a Q-vector space VQ. Let V = VQ⊗Q C. Let ̺ : G→ GL(V )
be the restriction to G of the representation ̺C of G(C) on V , induced by ̺. Then ̺ is
the direct sum of finitely many irreducible representations ̺i. We we assume that each ̺i
satisfies (1.2). The existence of such rational representations is proved in [BV13, sect. 8.1].
For the convenience of the reader we recall the construction. Let T ⊂ G be a maximal
torus. Let F be a Galois extension of Q over which G splits. Let X∗ resp. X∗+ be the
character lattice of TF = T ⊗Q F , resp. the dominant characters of TF . Given x ∈ X∗+,
let ̺x be the unique irreducible representation of G ×Q F with highest weight x on a F -
vector space Wx. Let Vx := ResF/Q(Wx), which means Wx considered as a Q-vector space.
Let ˜̺x : G → GL(Vx) be the Q-rational representation, which is the composition of the
representations G → ResF/QGL(Wx) and ResF/Q(Wx) →֒ GL(ResF/QWx). The highest
weights of the irreducible components ̺i of the induced representation of G(C) on Vx ⊗Q C
are obtained from x by applying the various embeddings of F into C. In the lemma in
section 8.1 of [BV13] it is proved that if x is in the complement of the union of finitely many
hyperplanes, then every ̺i satisfies condition (1.2).
Let VR denote V seen as a real vector space. Since Γ is arithmetic, there exists a Γ-
invariant lattice VZ in VR. We call the Γ-module VZ which satisfies the above conditions a
strongly L2-acyclic arithmetic Γ-module.
Now, let {Γi}i∈N0 be a sequence of finite-index subgroups of Γ
(3.1) Γi ⊂ Γ0 := Γ.
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Then for each i, Xi := Γi \ G/K is a covering of X = Γ \ G/K. We note that X and Xi
are of finite volume. For i > 0, we will also assume that Γi is torsion-free , so that Xi is a
smooth hyperbolic manifold of finite volume, and that (2.3) holds for Γi. However, we will
not require that Γ is torsion-free or satisfies (2.3), so that X0 may have orbifold singularities.
Since Γ preserves the Z-module VZ, notice that E = EZ ⊗Z R for a natural smooth bundle
of free Z-modules
(3.2) EZ := H
d ×̺|Γ VZ on X.
To lighten the notation, we will also denote by E = Hd ×̺|Γi V and EZ = H
d ×̺|Γi VZ the
corresponding bundles on Xi, trusting this shall lead to no confusion. Alternatively, notice
that these bundles can also be obtained by pulling back E and EZ under the covering map
Xi → X . The cohomology group of cochains of degree q with local coefficients in EZ are
then Z-modules admitting a decomposition into a free part Hqfree(Xi;EZ) and a torsion part
Hqtor(Xi;EZ),
(3.3) Hq(Xi;EZ) = H
q
free(Xi;EZ)⊕Hqtor(Xi;EZ),
so that in particular Hq(Xi;E) = H
q(Xi;EZ) ⊗Z R = Hqfree(Xi;EZ) ⊗Z R. If Hq(Xi;EZ)
denotes the corresponding homology group of chains of degree q with local coefficients in EZ,
then we have a similar decomposition in terms of free and torsion parts,
(3.4) Hq(Xi;EZ) = Hq(Xi;EZ)free ⊕Hq(Xi;EZ)tor.
Recall from the universal coefficient theorem that there are natural isomorphisms
(3.5)
Hqfree(Xi;EZ)
∼= Hq(Xi;E∗Z)free,
Hqtor(Xi;EZ)
∼= Hq−1(Xi;E∗Z)tor,
where E∗Z is the bundle of free Z-modules dual to EZ. To deal with self-dual bundles of free
Z-modules, we will consider the bundle of free Z-modules
(3.6) EZ := EZ ⊕E∗Z
with corresponding self-dual flat vector bundle E := E ⊕ E∗.
For each i ∈ N0 and P a Γ-cuspidal parabolic subgroup, set
ΓP,i := Γi ∩NP and TP,i = ΓP,i \NP
with flat metric gTP,i as in (2.4). Recall that on TP,0 = TP , we have the natural flat vector
bundle EP = NP ×̺|ΓP V . We can in a similar way define a bundle of free Z-modules
EP,Z = NP ×̺|ΓP VZ. To lighten the notation, for each i ∈ N, we will also denote by EP :=
NP ×̺|ΓP,i V and EP,Z = NP ×̺|ΓP,i VZ the corresponding bundles over TP,i. Alternatively,
notice that these bundles can be obtained by pulling back EP and EP,Z under the natural
covering map πi : TP,i → TP . As in (3.6), we consider the corresponding self-dual bundles
(3.7) EP := EP ⊕ E∗P , and EP,Z := EP,Z ⊕E∗P,Z.
As in (2.6), Hodge theory and the van Est’s isomorphism induced by the map (2.5) yield
natural identifications
(3.8) Hq(TP,i;EP ) ∼= Hq(TP,i;EP ) ∼= Hq(nP ;V ) ∼= Hq(nP ;V ),
where V = V ⊕V ∗ and Hq(TP,i;EP ) is the space of harmonic forms of degree q. In particular,
notice that the dimension of Hq(TP,i;EP ) does not depend on i ∈ N0. More importantly,
EXPONENTIAL GROWTH TORSION 13
via the identifications (3.8), the natural metric on Hq(TP,i;EP ) induces one on Hq(TP,i;EP ).
The space Hq(nP ;V ) also comes with a natural metric, but under the identification (3.8),
it does not quite give the same metric as the one on Hq(TP,i;EP ). Indeed, if 〈·, ·〉TP,i and
〈·, ·〉nP are the inner products on Hq(TP,i;EP ) and Hq(nP ;V ) respectively, then under the
identification (3.8), we have that
(3.9) 〈·, ·〉TP,i = vol(TP,i)〈·, ·〉nP ,
where vol(TP,i) is the volume of TP,i with respect to the metric gTP,i. Let us denote by
vol(Hqfree(TP,i;EP,Z)) the covolume of the lattice H
q
free(TP,i;EP,Z) in H
q(TP,i;EP ) with respect
to the inner product 〈·, ·〉TP,i.
Proposition 3.1. For each i ∈ N0,
1
vol(Hn−qfree (TP ;EP,Z))[ΓP : ΓP,i]
bq
2
≤ vol(Hqfree(TP,i;EP,Z)) ≤ vol(Hqfree(TP ;EP,Z))[ΓP : ΓP,i]
bq
2 ,
where bq := dimRHq(nP ;V ).
Proof. Let πi : TP,i → TP be the natural covering map. Then π∗i (Hqfree(TP ;EP,Z)) is a
sublattice of Hqfree(TP,i;EP,Z). Hence, we see that
(3.10)
vol(Hqfree(TP,i;EP,Z)) ≤ vol(π∗i (Hqfree(TP ;EP,Z))) =
(
vol(TP,i)
vol(TP )
) bq
2
vol(Hqfree(TP ;EP,Z)),
= [ΓP : ΓP,i]
bq
2 vol(Hqfree(TP ;EP,Z)),
giving the inequality on the right. For the inequality on the left, notice that Poincare´ duality
induces an isomorphism Hn−qfree (TP,i;EP,Z)
∗ ∼= Hqfree(TP ;EP,Z) and an isometry
Hn−q(TP,i;EP )∗ ∼= Hq(TP ;EP ),
so that vol(Hn−qfree (TP,i;EP,Z)
∗) = vol(Hqfree(TP ;EP,Z)). Since essentially by definition
vol(Hn−qfree (TP,i;EP,Z)
∗) = vol(Hn−qfree (TP,i;EP,Z))
−1,
we see from (3.10) that
vol(Hqfree(TP,i;EP,Z)) =
1
vol(Hn−qfree (TP,i;EP,Z))
≥ 1
[ΓP : ΓP,i]
bn−q
2 vol(Hn−qfree (TP ;EP,Z))
.
Since bn−q = bq by Poincare´ duality, this gives the left inequality. 
For q = n, recall that we have an orthogonal decomposition
Hn(nP , V ) = Hn+(nP , V )⊕Hn−(nP , V ),
which via the identifications (3.8) induces a corresponding orthogonal decomposition
(3.11) Hn(TP,i;EP ) = H
n
+(TP,i;EP )⊕Hn−(TP,i;EP ).
Lemma 3.2. The restriction of Hnfree(TP,i;EP,Z) to H
n
±(TP,i;EP ) induces a lattice Li,± in
Hn±(TP,i;EP ).
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Proof. The decomposition of Hn(nP ;V ) is in terms of the eigenspaces of the action of
(Ad∗⊗̺)(RP (t)),
(Ad∗⊗̺)(RP (t))Φ± = tλ±̺,n−nΦ± for Φ± ∈ Hn±(nP ;V ).
But by [Pfa17, (6.4), (6.6)], we know that the constants λ±̺,n are integers or half-integers.
In particular, the eigenvalues of (Ad∗⊗̺)(RP (4)) are positive integers. We know also that
(Ad∗⊗̺)(RP (4)) has rational coefficients. Hence, the projections
pr± : Hn(nP ;V )→ Hn±(nP ;V )
are given by matrices with rational coefficients. Using the natural identification of (3.8)
induced by the map (2.5), we see that the corresponding projections
pr± : H
n(TP,i;EP )→ Hn±(TP,i;EP )
have rational coefficients, from which the result follows. 
The covolumes vol(Li,±) of the lattices Li,± in Hn±(TP,i;EP ) can be estimated as follows.
Proposition 3.3. For each i ∈ N0,
1
vol(L0,∓)[ΓP : ΓP,i]
bn
4
≤ vol(Li,±) ≤ vol(L0,±)[ΓP : ΓP,i] bn4 .
Proof. For the inequality on the right, notice that the decomposition (3.11) behaves well
under pull-back, so that π∗i (L0,±) is a sublattice of Li,±. Hence,
(3.12) vol(Li,±) ≤ vol(π∗iL0,±) =
(
vol(TP,i)
vol(TP )
) bn
4
vol(L0,±) = [ΓP : ΓP,i]
bn
4 vol(L0,±),
giving the desired inequality. For the inequality on the left, notice that since Poincare´ duality
induces an isomorphism (Hnfree(TP,i;EP,Z))
∗ ∼= Hnfree(TP,i;EP,Z) and an isometry
(Hn(TP,i;EP ))
∗ ∼= Hn(TP,i;EP ),
we have that
vol(Hnfree(TP,i;EP,Z)) = vol((H
n
free(TP,i;EP,Z))
∗).
Since on the other hand we have trivially that
vol((Hnfree(TP,i;EP,Z))
∗) =
(
vol(Hnfree(TP,i;EP,Z))
)−1
,
this means that
vol(Hnfree(TP,i;EP,Z)) = 1.
Now, Li,+ + Li,− is a sublattice of Hnfree(TP,i;EP,Z). Hence,
(3.13) 1 = vol(Hnfree(TP,i;EP,Z)) ≤ vol(Li,+ + Li,−) = vol(Li,+) vol(Li,−),
where in the last step we have used that (3.11) is an orthogonal decomposition. Hence,
combining this estimate with (3.12) gives the desired inequality
vol(Li,±) ≥ 1
vol(Li,∓)
≥ 1
vol(L0,∓)[ΓP : ΓP,i]
bn
4
.

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4. Proof of the main result
Let µXi be a complex basis of H
∗(Xi(Y );E) obtained as in (2.10). Using Poincare´-
Lefschetz duality [Mil62] we have that
τ(X(Y ), E, µXi) = τ(Xi(Y ), ∂Xi(Y ), E, µXi,∂Xi),
where µXi,∂Xi is the basis of H
∗(Xi(Y ), ∂Xi(Y );E) dual to µXi . The basis µXi,∂Xi has
a much simpler description compared to µXi , in particular it does not involve Eisenstein
series. Indeed, consider the long exact sequence
(4.1) · · · ∂ // Hq(Xi(Y ), ∂Xi(Y );E) // Hq(Xi(Y );E) // Hq(∂Xi(Y );E) ∂ // · · ·
associated to the pair (Xi(Y ), ∂Xi(Y )).
Lemma 4.1. In terms of the boundary homomorphism ∂ of the long exact sequence (4.1),
µXi,∂Xi = ∂(µ∂Xi), where µ∂Xi is an orthonormal basis of H
q(Zi;E) ∼=
⊕
P∈PΓi H
q(TP ;EP )
(with respect to the metrics gTP and hEP , where Zi = ∂Xi(Y )) for 0 ≤ q < n and of
Hq+(Zi;E) ∼=
⊕
P∈P 
i
Hq+(TP ;EP ) ⊂ Hq(Zi;E)
for q = n.
Proof. The only delicate point is for q = n, in which case it suffices to use the isomorphism
(2.9) and to notice that Poincare´ duality induces an identification
(Hn±(TP ;EP ))
∗ ∼= Hn∓(TP ;EP ).

Now, by [Che79, (1.4)], we know that
(4.2) τ(Xi(Y ), ∂Xi(Y ), E, µXi,∂Xi)
2 =
∏
q
(
|Hqtor(Xi(Y ), ∂Xi(Y );EZ|
volµR
Xi,∂Xi
(
Hqfree(Xi(Y ), ∂Xi(Y );EZ)
))(−1)q+1 ,
where µRXi,∂Xi = {µXi,∂Xi,
√−1 µXi,∂Xi} is the real basis associated to the complex basis
µXi,∂Xi and volµRXi,∂Xi
(
Hqfree(Xi(Y ), ∂Xi(Y );EZ)
)
is the covolume of the lattice
Hqfree(Xi(Y ), ∂Xi(Y );EZ)
with respect to the basis µRXi,∂Xi. However, we have that
(4.3)
volµR
Xi,∂Xi
(
Hqfree(Xi(Y ), ∂Xi(Y );EZ)
)
=
volµR
Zi
(Hq−1free (Zi;EZ))
[Hqfree(Xi(Y ), ∂Xi(Y );EZ) : ∂
(
Hq−1free (Zi;EZ)
)
]
with Hq−1free (Zi;EZ) replaced with H
q−1
+ (Zi;E)∩Hq−1free (Zi;EZ) when q = n+1. Moreover, we
see from the lattice version of (4.1) that
(4.4)
1 ≤ [Hqfree(Xi(Y ), ∂Xi(Y );EZ) : ∂
(
Hq−1free (Zi;EZ)
)
] ≤ |Hqtor(Xi(Y ), EZ)|
= |H2n+2−qtor (Xi(Y ), ∂Xi(Y );EZ|,
where on the second line we have used the fact that
(4.5) Hqtor(Xi(Y ), EZ)
∼= Hq−1(Xi(Y );EZ)tor ∼= H2n+2−qtor (Xi(Y ), ∂Xi(Y ), EZ)
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by the universal coefficient theorem and Poincare´-Lefschetz duality. Hence, we see that
(4.6)
volµZi (H
q−1
free (Zi;EZ))
|H2n+2−qtor (Xi(Y ), ∂Xi(Y );EZ)|
≤ volµR
Xi,∂Xi
(
Hqfree(Xi(Y ), ∂Xi(Y );EZ)
)
≤ volµZi (H
q−1
free (Zi;EZ)).
Using these inequalities in (1.16), as well as (4.5) and the fact that
|Hqtor(Xi(Y ), ∂Xi(Y ), EZ)| ≥ 1,
we see that
(4.7)
τ(Xi(Y ), E, µXi)
2(−1)n ≤
( ∏
q+n odd
|Hqtor(Xi(Y ), ∂Xi(Y );EZ|2
)
(∏
q volµRZi
(Hq−1free (Zi;EZ))
(−1)q+1
)(−1)n
=
(∏
q
volµR
Zi
(Hq−1free (Zi;EZ))
(−1)q+n
)( ∏
q+n odd
|Hqtor(Xi(Y );EZ|2
)
,
where again Hq−1free (Zi;EZ) must be replaced with H
q−1
free (Zi;EZ)∩Hq−1+ (Zi;E) when q = n+1.
Our objective is now to estimate the growth of the size of H∗tor(Xi;EZ) as i→∞ using this
inequality, Theorem 2.1 and [MP14a]. However, we need first to impose further restrictions
on the sequence {Γi} and request that it is cusp-uniform in the sense of [Rai12] and [MP14a,
Definition 8.2 and Lemma 8.3]. Since this notion will play an important role in what follows,
let us briefly recall it. Thus, let P be a Γ-cuspidal parabolic subgroup of G. For each i, let
(4.8) ΛP (Γi) := log(Γi ∩NP )
be the lattice in nP associated to Γi ∩NP and let
(4.9) Λ0P (Γi) := (vol(ΛP (Γi)))
− 1
2nΛP (Γi)
be the corresponding unimodular lattice. Let us also denote by P(nP ) the set of isometry
classes of unimodular lattices in nP equipped with the standard topology induced by the
natural identification
P(nP ) ∼= SO(2n) \ SL(2n,R)/ SL(2n,Z).
We can now formulate the restriction we impose on the sequence {Γi}.
Definition 4.2. The sequence {Γi} is cusp-uniform in the sense that for each Γ-cuspidal
parabolic subgroup P , there is a compact set KP in P(nP ) such that the lattice Λ0P (Γi) is
contained in KP for each i ∈ N0.
We are now ready to give a proof of our main result Theorem 1.1.
Proof of Theorem 1.1. We know from [MP14a, Theorem 1.1] that
(4.10) lim
i→∞
log T (Xi;E, gXi, hE)
[Γ : Γi]
= t
(2)
Hd
(̺) vol(X)
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where t
(2)
Hd
(̺) is the ‘local’ logarithm of the L2-torsion appearing in [MP14a, (1.1)]. By [BV13,
Proposition 5.2], we know that
(−1)nt(2)
Hd
(̺) > 0.
On the other hand, combining Proposition 3.1 and Proposition 3.3 with (1.4), we see that
(4.11) lim
i→∞
∑
q(−1)q+n log volµRZi (H
q−1
free (Zi;EZ))
[Γ : Γi]
= 0.
Similarly, we see from (1.4) that
(4.12) lim
i→∞
κ(Xi)c̺
[Γ : Γi]
= 0.
Moreover, by Poincare´ duality, Milnor duality and [Mu¨l93, Proposition 1.12], we have that
(4.13) log τ(Zi, E, µZi) = 0.
Hence, equation (1.5) follows by combining (4.7) with Theorem 2.1 together with (4.10),
(4.11), (4.12) and (4.13).
If we assume furthermore that E∗Z ∼= EZ, then we have that
(4.14) |Hqtor(Xi(Y );EZ)| = |Hqtor(Xi(Y );EZ|2.
On the other hand, if we also assume that ̺ is self-dual, which by [GW09, § 3.2.5] is automatic
when n is odd, we then know that there is a canonical isomorphism E ∼= E∗ which is an
isomorphism of flat vector bundles and of Hermitian vector bundles at the same time. This
implies in particular that
(4.15) t
(2)
Hd
(̺) = 2t
(2)
Hd
(̺).
Hence, combining (1.5) with (4.14) and (4.15) gives (1.6). 
5. Applications in dimension 3
If n = 1 and G = Spin(3, 1) ∼= SL(2,C), we can find many situations where Theorem 1.1
applies. Recall that if ̺ : G→ GL(V ) with V = C2 is the standard representation, then we
can consider the (m+ 1)-dimensional complex representation
(5.1) ̺m : SL(2,C)→ GL(Vm) with Vm := Symmm(V ).
This representation is irreducible, both as a complex and a real representation. Furthermore,
if (̺m)R is ̺m seen as a real representation, then for m ∈ N, (ρm)R gives a complete list of
the finite dimensional real representations of SL(2,C). Now, if we let e1 =
(
1
0
)
and
e2 =
(
0
1
)
be the standard basis of C2, then
vj = e
j
1e
m−j
2 , j ∈ {0, 1, . . . , m},
is a basis of Vm. Using the natural non-degenerate complex linear pairing pairing 〈·|·〉 :
C2 ⊗ C2 → C defined by
(5.2) 〈
(
a
b
)
|
(
c
d
)
〉 := ac+ bd,
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we can identify V ∗ with V as a complex vector space,
(5.3) ♯ : V ∗ → V.
Under this identification, the basis {e1, e2} is self-dual. The identification (5.3) also induces
an identification
(5.4) ♯ : V ∗m → Vm.
Under this identification, the basis {vj} of Vm is self-dual. Under the identification (5.3),
the dual representation ̺∗ is simply given by
̺(M)∗ = (̺(M)−1)T .
Thus, if M =
(
a b
c d
)
, then a direct computation shows that
(5.5) ̺∗(M) =
(
d −c
−b a
)
=
(
0 −1
1 0
)(
a b
c d
)(
0 1
−1 0
)
.
In other words, making the identification (5.3) as complex vector spaces, the element
A :=
(
0 −1
1 0
)
∈ SL(2,C)
induces an isomorphism of complex representations A : V → V ∗ such that ̺∗(M) =
A̺(M)A−1. Similarly, making the identification (5.4), the element A induces an isomor-
phism of complex representations
(5.6) ̺m(A) : Vm → V ∗m, ̺∗m(M) = ̺m(A)̺m(M)̺m(A−1).
Now, let F := Q(
√−D ) be an imaginary quadratic number field, where D ∈ N is square-
free. Let OD be its ring of integers, so that
(5.7) OD =
{
Z+
√−D Z, if D ≡ 1, 2 mod (4),
Z+
(
1+
√−D
2
)
Z, if D ≡ 3 mod (4).
Let Γ(D) := SL(2,OD) be the associated Bianchi group. In Vm, a natural lattice preserved
by Γ(D) is given by
(5.8) Λm := Sym
mO2D,
so that, as a real vector space, Vm = Λm ⊗Z R. From this point of view, the representation
(̺m)R descends to a representation over Q on (Vm)Q := Λm⊗ZQ obtained by restricting ̺m to
SL(2,C)Q := SL(2,Q(
√−D )). If 〈·, ·〉 : V ∗m⊗ Vm → C denotes the canonical non-degenerate
pairing, then recall that the lattice Λ∗m ⊂ V ∗m dual to Λm is given by
Λ∗m = {η ∈ V ∗m | Re〈η, ν〉 ∈ Z ∀ν ∈ Λm}.
Under the identification (5.4), notice that we have a natural identification
(5.9) Λ∗m ∼=
Λm
δD
where δD =
{ √−D , if D ≡ 1, 2 mod (4),√−D
2
, if D ≡ 3 mod (4).
Hence, the isomorphism of representations (5.6) does not identify Λm with Λ
∗
m, but the
isomorphism of representations
(5.10)
̺m(A)
δD
: Vm → V ∗m
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does. In fact, it induces an isomorphism of ZΓ(D)-modules, yielding the following result.
Lemma 5.1. Let Γ ⊂ Γ(D) be any torsion-free subgroup so that X = Γ \ SL(2,C)/ SU(2)
is a finite volume hyperbolic manifold. If Lm = H
3×̺m|Γ Λm is the bundle of free Z-modules
associated to the lattice Λm, then there is a natural isomorphism L
∗
m
∼= Lm.
Now, let a be any nonzero ideal in OD and let N(a) denote its norm. Then the associated
congruence subgroup Γ(a) is defined by
(5.11) Γ(a) :=
{(
a b
c d
)
∈ Γ(D) | a− 1 ∈ a, d− 1 ∈ a, b, c ∈ a
}
,
and the associated Hecke subgroup is defined by
(5.12) Γ0(a) :=
{(
a b
c d
)
∈ Γ(D) | c ∈ a
}
.
As explained in [MP14a, p.2779], provided the norm N(a) is sufficiently large, then Γ(a) is
torsion-free and (2.3) holds, which allows us to prove Corollary 1.6.
Proof of Corollary 1.6. The norm N(ai) is required to be sufficiently large to ensure that
Γ(ai) is torsion-free and satisfies (2.3). By Lemma 5.1, L
∗
m
∼= Lm, and by the discussion
around [MP14a, Corollary 1.4], the sequence Γ(ai) satisfies all the hypotheses of Theorem 1.1,
so the result follows by noticing that
|H0tor(Xi(Y );Lm)| = 1
thanks to the universal coefficient theorem. Furthermore, when m = 2ℓ is even, we know
from [MP13, (5.23)] that
−t(2)
H3
(̺2ℓ) =
ℓ(ℓ+ 1) + 1
6
π
,
giving (1.12). 
On the other hand, the Hecke subgroups Γ0(a) are never torsion-free and (2.3) never holds.
However, taking a finite index subgroup Γ′ ⊂ Γ(D) which is torsion-free and for which (2.3)
holds, we may consider the subgroup
(5.13) Γ′0(a) := Γ0(a) ∩ Γ′,
which is torsion-free and satisfies (2.3). We can now prove Corollary 1.9.
Proof of Corollary 1.9. By Lemma 5.1 and [MP14a, Theorem 1.5 and the surrounding dis-
cussion], all the hypothesis of Theorem 1.1 are satisfied and the result follows by noticing
that
|H0tor(Xi(Y );Lm)| = 1
thanks to the universal coefficient theorem. 
For sequences of principle congruence subgroups, we can obtain an upper bound on the
growth of torsion in cohomology using the approach of Raimbault [Rai13]. We need first to
establish the following two lemmas, cf. [Rai13, Lemma 6.5] for the first lemma.
Lemma 5.2 (Raimbault). If a is a non-zero ideal of OD, then
(m!a)Vm ⊂ (Γ(a)− Id)Vm.
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Proof. Consider the matrices
A0 :=
(
0 0
1 0
)
and A∞ :=
(
0 1
0 0
)
,
so that for all a ∈ a,
η0a := Id+aA0 ∈ Γ(a), and η∞a := Id+aA∞ ∈ Γ(a).
A direct computation shows that
(5.14) (η0a − Id)v1 = av0 and (η∞a − Id)vm−1 = avm.
More generally, one computes that
(η0a − Id)vk =
k−1∑
j=0
(
k
j
)
ak−jvj ,
so that
(5.15) kavk−1 = (η0a − Id)vk −
k−2∑
j=0
(
k
j
)
ak−jvj.
Hence, using (5.14) and (5.15), one can show by induction on k that
(k!)avk−1 ∈ (Γ(a)− Id)Vm ∀k ∈ {1, . . . , m}, ∀a ∈ a.
Since avm ∈ (Γ(a)− Id)Vm by (5.14), this completes the proof. 
Lemma 5.3. If a is a non-zero ideal of OD, then
N(a) ≤ [Γ(D) : Γ(a)].
Proof. Let a =
∏
i
prii , ri ≥ 1, be the factorization into prime ideals. Then
N(a) =
∏
i
N(pi)
ri ≥
∏
p|a
N(p),
so that ∏
p|a
1
(1− 1
N(p)2
)
=
∏
p|a
N(p)2
N(p)2 − 1 ≤
∏
p|a
N(p)2 ≤ N(a)2.
Since
[Γ(D) : Γ(a)] = N(a)3
∏
p|a
(
1− 1
N(p)2
)
by [MP14a, (11.1)], the result follows. 
Theorem 5.4. (Raimbault [Rai13]) If ai is a sequence of non-zero ideals of OD such that
lim
i→∞
N(ai) =∞, then for any m ∈ N, for XD = Γ(D) \H3, Xi = Γ(ai) \H3 and for Lm the
bundle of free Z-modules induced by ̺m and the lattice Λm, we have that
(5.16) lim
i→∞
sup
log |H2tor(X i;Lm)|
[Γ(D) : Γ(ai)]
≤ −2t(2)
H3
(̺m) vol(XD).
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Proof. By Lemma 5.2, notice that
(5.17) |H0(Xi;Lm)| ≤ (m!N(ai))m+1.
Hence, by Lemma 5.3, this means that
lim
i→∞
log |H0(X i;Lm)|
[Γ(D) : Γ(ai)]
= 0.
By the universal coefficient theorem (3.5), the same is true for H1tor(X i;Lm), namely
(5.18) lim
i→∞
log |H1tor(X i;Lm)|
[Γ(D) : Γ(ai)]
= 0.
On the other hand, by Poincare´-Lefschetz duality,
H3(X i;Lm) ∼= H0(X i, ∂X i;Lm) = {0}.
Finally, we have trivially that H0tor(X i;Lm) = {0}. Using (4.5), we see that in terms of
relative cohomology,
(5.19) Hqtor(X i, ∂X i;Lm)
∼= {0} for q ∈ {0, 1} and lim
i→0
log |H3tor(Xi; ∂Xi;Lm)|
[Γ(D) : Γ(ai)]
= 0.
These observations imply that (4.2) can be rewritten
τ(X i, ∂X i;Lm)
−2 =
|H2tor(X i, ∂X i;Lm)|
|H3tor(X i, ∂X i;Lm)|
∏
q
(volµR
Xi,∂Xi
(Hqfree(X i, ∂X i, Lm)))
(−1)q+1 .
Now, we can use (4.6) as well as Proposition 3.1 and Proposition 3.3 to control the covolumes
in this expression, so that combined with (5.19), this yields
lim
i→∞
sup
log |H2tor(X i, ∂X i;Lm)|
[Γ(D); Γ(ai)]
≤ lim
i→∞
−2 log τ(X i, ∂X i;Lm)
[Γ(D) : Γ(ai)]
.
Hence, as in the proof of Theorem 1.1, we can use (4.10) and Theorem 2.1 to conclude that
in fact
lim
i→∞
sup
log |H2tor(Xi, ∂X i;Lm)|
[Γ(D); Γ(ai)]
≤ −2t(2)
H3
(̺m) vol(XD) > 0.
Using (4.5), this implies that
lim
i→∞
sup
log |H2tor(X i;Lm)|
[Γ(D); Γ(ai)]
≤ −2t(2)
H3
(̺m) vol(XD) > 0.
We can then use the fact that Lm is self-dual to deduce the corresponding result for Lm. 
Compared to (1.11), the right hand side in (5.16) has an extra factor of 2, so that Corol-
lary 1.6 and Theorem 5.4 cannot be combined to conclude as in the compact case [BV13]
that
lim
i→∞
log |H2tor(X i;Lm)|
[Γ(D); Γ(ai)]
exists. The precise point in our argument where this factor of 2 appears is in the estimate
(4.4). More precisely, an improvement in the upper bound in (4.4) would translate into an
improvement of the lower bound in (1.13), while an improvement in the lower bound of (4.4)
would translate in an improvement of the upper bound in (5.16). Thus, to prove that the
limit exists, one would need to improve estimate (4.4).
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6. Exponential growth of torsion for sequences of representations
Combining Theorem 2.1 with the results of [MP12], we can also obtain results about the
growth of torsion when the group Γ is fixed and the representation ̺ varies. To do so,
we will restrict ourselves to the case where Γ ⊂ Γ(D) = SL(2,OD) is a torsion-free finite
index subgroup such that (2.3) holds and consider the sequence of representations ̺m defined
in (5.1). Let X = Γ \ SL(2,C)/ SU(2) be the corresponding hyperbolic manifold of finite
volume. Denote by Em = H
3 ×̺m|Γ Vm the flat vector bundle associated to ̺m with natural
Hermitian metric hEm. Recall also that we denote by Lm = H
3 ×̺m|Γ Λm the associated
bundle of free Z-module, where Λm = Sym
mO2D.
If P1(F ) is the projective line of the field F = Q(
√−D ), then we know, for instance
from [EGM98], that the cusps of X are in bijection with Γ \ P1(F ). Furthermore, in this
setting, the Iwasawa decomposition SL(2,C) = NAK is given by
A =
{(
λ 0
0 λ−1
)
| λ > 0
}
, N =
{(
1 z
0 1
)
| z ∈ C
}
,
and the standard parabolic subgroup is P0 = NAM with
M =
{(
λ 0
0 λ−1
)
| λ ∈ S1 ⊂ C
}
.
In particular, P0 is the stabilizer of ∞ := [1 : 0] ∈ P(C) and is a Γ(D)-cuspidal parabolic
subgroup, hence a Γ-cuspidal parabolic subgroup as well.
Given P a Γ-cuspidal parabolic subgroup of SL(2,C), it has a corresponding cusp repre-
sented by an element η ∈ P1(F ). Taking
BP =
(
a b
c d
)
∈ SL(2, F )
such that BPη = ∞, we see that P is related to the standard parabolic subgroup via
P = B−1P P0BP . In particular, NP = B
−1
P NBP , which gives a corresponding identification of
the Lie algebras, nP ∼= n = C. Under the identification NP ∼= N , the group ΓP becomes the
following subgroup of
BPΓ(D)PB
−1
P =
{(
1 ω
0 1
)
| ω ∈ u−2
}
,
where u is the OD-module generated by c and d and
u−2 =
{
ω ∈ F | uω ∈ OD ∀u ∈ u2
}
.
Thus, in terms of the identification nP ∼= n = C, the lattice ΛP (Γ) := log(ΓP ) ⊂ nP is a
sublattice of the lattice
(6.1) ΛP (Γ(D)) = u
−2 ⊂ F ⊂ C.
With respect to this identification, the natural flat metric gTP on TP = ΓP \NP = ΛP (Γ)\C
is the one induced by the canonical Euclidean metric on C. On TP , let Em,P = NP ×̺m|ΓP Vm
be the flat vector bundle corresponding to Em with natural Hermitian metric hEm,P and let
Lm,P = NP ×̺m|ΓP Λm be the corresponding bundle of free Z-modules. As in § 3, let us
denote by vol(Hqfree(TP ;Lm,P )) the covolume of the lattice H
q
free(TP ;Lm,P ) in H
q(TP ;Em,P )
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using the metric induced by Hodge theory and the metrics gTP and hEm.P . Similarly, for
q = 1 let us denote by vol(H1free(TP ;Lm,P ) ∩H1±(TP ;Em,P )) the covolume of the lattice
H1free(TP ;Lm,P ) ∩H1±(TP ;Em,P ) ⊂ H1±(TP ;Em,P ).
We can now state the analog of Proposition 3.3 for the sequence of representations {̺m}.
Proposition 6.1. There exists a positive constant CP depending on P and Γ such that for
all m ∈ N,
1
((m+ 1)!Cm+1P )
2
≤ vol(H
1
free(TP ;Lm,P ) ∩H1+(TP ;Lm,P ))
vol(H0free(TP ;Lm,P )) vol(H
2
free(TP ;Lm,P ))
≤ CP
where Lm,P = Lm,P ⊕ L∗m,P and Em,P = Em,P ⊕E∗m,P .
Proof. By Poincare´ duality, notice that we have automatically that
vol(H0free(TP ;Lm,P )) vol(H
2
free(TP ;Lm,P )) = 1,
so we only need to prove that
(6.2)
1
((m+ 1)!Cm+1P )
2
≤ vol(H1free(TP ;Lm,P ) ∩H1+(TP ;Em,P )) ≤ CP .
Using [MR19, (7.1)] and van Est’s isomorphism induced by the map (2.5), we know that
(6.3) H1+(TP ;Em,P ) = CιP (vm ⊗ dz), H1−(TP ;Em,P ) = CιP (v0 ⊗ dz),
as well as the dual statement (using ̺∗m instead of ̺m to define ιP )
(6.4) H1+(TP ;E∗m,P ) = CιP (v∗0 ⊗ dz), H1−(TP ;E∗m,P ) = CιP (v∗m ⊗ dz).
Let {γ1, γ2} ⊂ F be a basis of ΛP (Γ) ⊂ F ⊂ C ∼= nP . Let ℓi : [0, 1]→ ΛP (Γ)\nP be a smooth
path with ℓi(0) = ℓi(1) = 0 and with homotopy class [ℓi] ∈ π1(TP ) = π1(ΛP (Γ)\nP ) ∼= ΛP (Γ)
representing γi. Since ιP (vm) and ιP (v
∗
0) are flat sections, we compute that
(6.5)
∫
ℓi
ιP (vm ⊗ dz) =
∫
ℓi
em1 dz = γie
m
1 ∈ Λm ⊗OD F ;∫
ℓi
ιP (v
∗
0 ⊗ dz) =
∫
ℓi
(e∗2)
mdz = γi(e
∗
2)
m ∈ Λm ⊗OD F.
Thus, if wP ∈ N is such that wPγi ∈ OD for i ∈ {1, 2}, we see from (6.5) that
{ν1, ν2} =
{ {wP ιP (vm ⊗ dz),√−D wP ιP (vm ⊗ dz)}, when D ≡ 1, 2 mod (4)
{wP ιP (vm ⊗ dz), 1+
√−D
2
wP ιP (vm ⊗ dz)}, when D ≡ 3 mod (4),
is the basis of a sublattice L+(̺m) of H1free(TP ;Lm,P ) ∩H1+(TP ;Em,P ), so that
(6.6) vol(H1free(TP ;Lm,P ) ∩H1+(TP ;Em,P )) ≤ vol(L+(̺m)) = 2 vol(TP )w2P Im δD,
where δD is defined in (5.9). Similarly,
{w1, w2} =
{ {wP ιP (v∗0 ⊗ dz), 1√−D wP ιP (v∗0 ⊗ dz)}, when D ≡ 1, 2 mod (4),
{2wP ιP (v∗0 ⊗ dz),
(
1 + 1√−D
)
wP ιP (v
∗
0 ⊗ dz)}, when D ≡ 3 mod (4),
is the basis of a sublattice L+(̺∗m) of H1free(TP ;L∗m,P ) ∩H1+(TP ;E∗m,P ), so that
(6.7) vol(H1free(TP ;L
∗
m,P ) ∩H1+(TP ;E∗m,P )) ≤ vol(L+(̺∗m)) =
2 vol(TP )w
2
P
Im δD
.
24 WERNER MU¨LLER AND FRE´DE´RIC ROCHON
The upper bound in equation (6.2) then follows from (6.5), (6.6), and (6.7).
To obtain the lower bound, notice by (3.13) that it suffices to show that
(6.8) vol(H1free(TP ;Lm,P ) ∩H1−(TP ;Em,P )) ≤ ((m+ 1)!Cm+1P )2.
To show this, we perform the analog of (6.5) and compute that
(6.9)
∫
ℓi
ιP (v0 ⊗ dz) =
∫
ℓi
(ρm
((
1 z
0 1
))
em2 )dz =
∫
ℓi
(e2 + ze1)
mdz
=
m∑
k=0
(
m
k
)
ek1e
m−k
2
γk+1i
k + 1
em1 ∈ Λm ⊗OD F
and
(6.10)
∫
ℓi
ιP (v
∗
m ⊗ dz) =
∫
ℓi
(ρ∗m
((
1 z
0 1
))
v∗m)dz =
∫
ℓi
(e∗1 − ze∗2)mdz
=
m∑
k=0
(
m
k
)
(−e∗2)k(e∗1)m−k
γk+1i
k + 1
em1 ∈ Λm ⊗OD F.
Thus, with wP ∈ N as above so that wPγi ∈ OD for i ∈ {1, 2}, we see from (6.9) that
{((m+ 1)!wm+1P )ιP (v0 ⊗ dz),
√−D ((m+ 1)!wm+1P )ιP (v0 ⊗ dz)} if D ≡ 1, 2 mod (4)
and
{((m+ 1)!wm+1P )ιP (v0 ⊗ dz),
1 +
√−D
2
((m+ 1)!wm+1P )ιP (v0 ⊗ dz)} if D ≡ 3 mod (4)
is the basis of a sublattice L−(̺m) of H1free(TP ;Lm,P ) ∩H1−(TP ;Em,P ), so that
(6.11)
vol(H1free(TP ;Lm,P ) ∩H1−(TP ;Em,P )) ≤ vol(L−(̺m)) = 2 vol(TP )((m+ 1)!wm+1P )2 Im δD.
Similarly,
{((m+ 1)!wm+1P )ιP (v∗m ⊗ dz),
1√−D ((m+ 1)!w
m+1
P )ιP (v
∗
m ⊗ dz)} if D ≡ 1, 2 mod (4)
and
{2((m+1)!wm+1P )ιP (v∗m⊗dz),
(
1 +
1√−D
)
((m+1)!wm+1P )ιP (v
∗
m⊗dz)} if D ≡ 3 mod (4)
is the basis of a sublattice L−(̺∗m) of H1free(TP ;L∗m,P ) ∩H1−(TP ;E∗m,P ), so that
(6.12) vol(H1free(TP ;L
∗
m,P ) ∩H1−(TP ;E∗m,P )) ≤ vol(L−(̺∗m)) =
2 vol(TP )((m+ 1)!w
m+1
P )
2
Im δD
.
Combining (6.11) and (6.12) then gives the upper bound (6.8) and completes the proof. 
We can now combine Theorem 2.1 with the results of [MP12] to prove Theorem 1.11.
Proof of Theorem 1.11. By Proposition 6.1, equation (4.7) and the fact that
|H0tor(X(Y );Lm)| = 1,
there is a positive constant C such that
(6.13) τ(X(Y ), Em, µ
m
X)
−2 ≤ ((m+ 1)!Cm+1)2|H2tor(X(Y );Lm)|2,
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where µmX is a basis of H
∗(X ;Em) as in (2.10). On the other hand, by Theorem 2.1,
(6.14) log T (X ;Em, gX , hEm) = log τ(X(Y ), Em, µ
m
X) + κ(X)c̺m ,
since τ(∂X(Y ), Em, µ
m
∂X) = 1 by Poincare´ duality, Milnor duality and [Mu¨l93, Proposi-
tion 1.12]. Furthermore, in [MR19, Theorem 7.1], the constant c̺m was explicitly computed
to be
(6.15) c̺m = log(m+ 1) +
B(m)
2
= O(m logm) as m→∞,
where
B(m) :=
m−1∑
κ=0
log
(
m
2
− κ +√(m
2
− κ)2 + 2(1 + κ)(m− κ)
m
2
− κ− 1 +√(m
2
− κ− 1)2 + 2(1 + κ)(m− κ)
)
.
On the other hand, by [MP12, Theorem 1.1],
(6.16) lim
m→∞
log T (X ;Em, gX , hEm)
m2
= −vol(X)
π
.
Hence, combining this equation with (6.13), (6.14), (6.15) and Stirling’s formula, we see that
(6.17) lim inf
m→∞
log |H2tor(X ;Lm)|
m2
≥ vol(X)
π
.
Finally, thanks to Lemma 5.1, L∗m ∼= Lm, so
|H2tor(X ;Lm)| = |H2tor(X ;Lm)|2
and the lower bound for the exponential growth of torsion follows by inserting this last
equation in (6.17).
For the upper bound, we need first to control the growth of torsion in odd degrees. Un-
fortunately, the upper bound (5.17) coming from Lemma 5.2 does not behave so well when
m→∞. Instead we proceed as in [MM13, Sect 4]. First note that
(6.18) H3tor(X, ∂X ;Lm)
∼= H0(X ;Lm)tor.
Moreover H0(X ;Lm)tor ∼= (Λm)Γ, where the right hand side denotes the co-invariants. For
each prime p of F , let Vm,p be the completion of Vm at p, and let Λm,p be the completion of
the image of Λm. Then Λm,p is a Γ-stable lattice, and we have
(6.19) log |(Λm)Γ| =
∑
log |(Λm,p)Γ|.
Since F is imaginary quadratic, [MM13, Lemma 4.1] implies that (Λm,p)Γ is trivial when
N(p) > m2. Hence we may assume that the summation on the right hand side of(6.19) runs
over N(p) ≤ m2 only. Using [MM13, Proposition 4.2] and (6.19) it follows that there exists
C > 0 such that
(6.20) log |(Λm)Γ| ≤
∑
N(p)≤m2
m logN(p)
N(p)
≤ Cm logm
for all m ∈ N. Using (6.18) and |H0(X ;Lm)tor| = |H0(X ;Lm)tor|2 = |(Λm)Γ|2, we get
(6.21) |H3tor(X, ∂X ;Lm)| = |H0(X ;Lm)tor| ≤ mCm.
Moreover, by (5.19),
Hqtor(X, ∂X ;Lm)
∼= {0} for q ∈ {0, 1}.
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Using (4.6) and Proposition 6.1, this means that (4.2) can be rewritten
(6.22)
τ(X, ∂X, Lm)
−2 =
|H2tor(X, ∂X ;Lm)|
|H3tor(X, ∂X ;Lm)|
∏
q
(
volµR
X,∂X
(
Hqfree(X, ∂X ;Lm
))(−1)q+1
≥ |H
2
tor(X, ∂X ;Lm)|
|H3tor(X, ∂X ;Lm)|2
vol(H0free(∂X ;Lm)) vol(H
2
free(∂X ;Lm))
vol(H1free(∂X ;Lm) ∩H1+(∂X ;Lm))
≥ |H
2
tor(X, ∂X ;Lm)|
|H3tor(X, ∂X ;Lm)|2
∏
P∈PΓ
1
CP
.
In other words, we have that
(6.23) |H2tor(X, ∂X ;Lm)| ≤
( ∏
P∈PΓ
CP
)
|H3tor(X, ∂X ;Lm)|2τ(X, ∂X, Lm)−2.
Hence, by (6.18), (6.14), (6.15) and (6.16), we see that
(6.24) lim sup
m→∞
log |H2tor(X, ∂X ;Lm)|
m2
≤ 2 vol(X)
π
.
Finally, since H2tor(X, ∂X ;Lm)
∼= H2tor(X ;Lm) by (4.5) and L∗m ∼= Lm by Lemma 5.1, we
have that
(6.25) |H2tor(X, ∂X ;Lm)| = |H2tor(X ;Lm)|2,
so the upper bound follows by substituting (6.25) into (6.24). 
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